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Abstract 
In this paper we continue to study properties of contractible transformations of graphs. We prove 
that contractible transformations do not change the homology groups of graphs. 
1. Introduction 
Contractible transformations of graphs consist of contractible gluing and deleting 
of vertices and edges of graphs. These transformations are defined based on contract- 
ible transformations of molecular spaces [2, 33. In the simplest case, a molecular space 
M is a family of unit cubes with integer coordinates in Euclidean space E” [2,4,.5]. 
The following surprising fact was noticed. Suppose that S1 and S2 are topologically 
equivalent surfaces in E”. Divide E” into a set of unit cubes and call the molecular 
spaces M1 and M2 the families of unit cubes intersecting S1 and S2, respectively. It 
was revealed that Ml and M2 could be transformed from one to the other with four 
kinds of transformations if a division was small enough. This allows one to assume 
that the molecular space contains topological and, perhaps, geometrical character- 
istics of a continuous surface. Otherwise, the molecular space is the discrete counter- 
part of a continuous space. Any molecular space can be described by its intersection 
graph. In our previous paper [6], we defined the contractible transformations of 
graphs and proved that these transformations did not change the Euler characteristic 
of a graph. In this paper, we define the homology groups on graphs and show that the 
contractible transformations do not change the homology groups. Since we use only 
induced subgraphs, we use the word subgraph for an induced subgraph. 
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2. Contractible transformations of graphs 
In [6], we introduced contractible transformations of graphs, based on four 
operations. 
Let G be a graph with a set of vertices V, V=(vl, v2, . . . , II”), and a set of edges E. Let 
G1 be a subgraph of the graph G. The subgraph U(G,), containing the vertices of G1, 
as well as all neighbors of all vertices of G1 is called the ball of the graph G1. 
The subgraph O(G,), O=U(G1)-G1, is called the rim of G,. 
If G1 is a vertex v, then O(v) and U(u) are called the rim and the ball of the vertex v. 
The subgraph O(v,v, ... v,), O(v,v, ... v,)=O(v1)nO(u2)n ... n O(v,), is called the 
joint rim of the vertices ul, v2, . . . , v,. 
If a vertex v is adjacent to all vertices of a graph G, then the given graph G + v is 
denoted as v * G. 
Definition 2.1. The family T of graphs G1, GZ, . . . , G,, . . . . T=(G1, G2, . . . , G,, . ..). is 
called contractible if 
. the trivial graph K(1) belongs to T and 
. any graph of T can be obtained from the trivial graph by contractible 
transformations. 
All graphs of the family T are called contractible. 
Definition 2.2. The following transformations are said to be contractible. 
(a) Deleting of a vertex v. A vertex v of a graph G can be deleted, if the rim O(v) is 
contractible, O(V)E T. 
(b) Gluing of a vertex v. If a subgraph G1 of the graph G is contractible, G1 E T, then 
the vertex v can be glued to the graph G in such a manner that O(v) = G1. 
(c) Deleting of an edge (v1u2). The edge (vl v2) of a graph G can be deleted if the 
joint rim O(V~V~) is contractible, O(Z)~U~)ET. 
(d) Gluing of an edge (ul vz). Let two vertices v1 and u2 of a graph G be nonadjacent. 
The edge (v1v2) can be glued if the joint rim O(vlvz) is contractible. 
The family T of contractible graphs is determined by inductive application of 
operations (a)-(d). 
3. Notations and definitions 
Most definitions introduced here are similar to definitions used for describing the 
abstract simplicial complex and the homology groups [l]. All graphs are labeled. 
A graph is considered as the abstract simplicial complex if any clique of the graph is 
the abstract simplex of the complex. 
(1) The complete graph on (n+ 1) vertices (uO, vl, . . . , v,) is designed as 8, 
cY=[v& . ..v.]. 
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(2) The complete graph O” = [vOvl ... v,] is called oriented if the order of its vertices 
is chosen. The equivalence class of even permutations of the chosen ordering is 
determined by the positively oriented complete graph +#= [vOvl . ..v.,] while the 
equivalence class of odd permutations determines the negatively oriented complete 
graph -a”= [II, vO ... v,]. The oriented graph G is obtained by assigning an orienta- 
tion to each of its complete subgraphs. 
(3) Let Gr and G2 be labeled graphs on (vr, v2, . . . , 0,) and (u,,, al, . . . , u,) vertices. 
Their join is denoted G1 * G2 and consists of Gr, G2 and all edges joining Gr and G2. 
We consider that Vi < uk for any Vi and uk. 
(4) The complete graph an = [uOvl ... II,] can be represented as 
(5) The oriented boundary &r“ of 0” is the following linear combination of its 
complete subgraphs on n vertices 
a,n=a[vovl . ..I&]= i (-l)k[vOvl...Gk...V,], 
k=O 
here, as usual, the check indicates that uk is understood to be deleted. 
(6) Suppose that we are also given an arbitrary abelian group A with the group 
operation denoted by the additional symbol +. A chain of dimension n with coeffi- 
cients from A of the graph G is defined to be a formal linear combination of distinct 
complete subgraphs C? of the graph, of the form 
c”=~clkokn, 
k 
where the complete subgraphs ai have their vertices written in the order determined 
by the prescribed ordering of the vertices of the graph, the & are arbitrary elements of 
the group A. Addition of the pair of such n-chains is then defined as follows: 
if c,=CClkf$ and d,=C$f$, then c,+d”=~(xk+/$)~kn. 
k k k 
With this additional operation the set of all n-chains clearly forms an abelian group. 
The chain group C,(G) of G is an isomorphic direct sum of p copies of A, where p is the 
number of the complete subgraphs cr‘” of the graph. 
(7) If any ai in the chain c, = xk akak” can be written in the form ai = v. * 01-r, then 
we use the impression 
c,=vO*c,-l=uO*~~k~~-l. 
k 
(8) The oriented boundary ac,, of an n-chain c, is defined by formula 
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where 88 is given above. Obviously, then 
The boundary operator is extended by linearity to a homomorphism 
a:C,(G)+C,_,(G) 
The boundary of an O-chain is defined to be zero. 
(9) The family of n-cycles of the graph G is now defined to be those n-chains z, 
satisfying az, =O. It is the kernel of the homomorphism d: C,(G)+C,_ i(G) and is 
a subgroup of C,(G). This subgroup, denoted by Z,(G), is called the n-dimensional 
cycle group of G. 
(10) For n 20, an n-chain b, is an n-dimensional boundary on G if there is an 
(n + 1)-chain c, + 1 such that ac, + 1 = b n. The family of n-boundaries is the homomor- 
phic image X,, 1(G), and is a subgroup of C,,(G). This subgroup is called an 
n-dimensional boundary group of G and is denoted by B,(G). 
(11) The n-dimensional homology group H,(G) of a graph G, with coefficients from 
A is the quotient of the subgroup Z,(G) by the subgroup J?,,(G) 
J%(G)=Z,(G)I&(G). 
(12) Two n-cycles z, and w, on a graph G are homologous, written z, - w,, provided 
that there is an (n + 1)-chain c, + 1 such that 
acn+l=zn-W.. 
If an n-cycle z, is a boundary of an (n + l)-chain, we say that z, is homologous to zero 
and write z, - 0. The relation of homology for n-cycles is an equivalence relation and 
partitions Z,(G) into homology classes. 
[z,,]=(w,+Z,,(G): W.-Z”). 
Hence the homology classes are the members of the quotient group Z,(G)/&(G). If 
any n-cycle z, is homologous to zero, then H,(G) =O. 
(13) The fact that Ho(G) is isomorphic to the direct sum of p copies of A indicates 
that the graph G has p connected components [l]. 
(14) If the maximal complete subgraph of the graph G has (n+ 1) vertices, then 
clearly HP(G) = 0, p > n. 
4. Contractible transformations of graphs do not change their 
homology groups: theorems 
We describe the set S of contractible graphs one after another, starting with the 
trivial graph and applying operations (a)-(d). Suppose that we have a set S, 
S=(Gi, Gz ,..., G,). 
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Theorem 4.1. Any contractible graph is connected. 
Proof. (i) For contractible graphs with a small number of vertices the connectivity is 
checked directly. 
(ii) Suppose that we choose the contractible graph U and its contractible vertex u, 
O(V)ES (Fig. 1). Since O(u) is connected, the connectivity of the graph U is retained 
when the vertex v is deleted. 
(iii) Suppose that we choose the contractible graph U and its two vertices u1 and u2 
such that O(u,vz) is the contractible subgraph (Fig. 1). Since O(u, uz) is connected, 
then the connectivity of the graph U is retained when the edge (u1u2) is deleted. 
(iv) Obviously, the contractible gluing of a vertex or an edge cannot change the 
connectivity of the contractible graph. q 
Theorem 4.2. If G is the complete graph d’, then &3G = 0. 
Proof. The theorem is checked immediately [l]. 0 
Theorem 4.3. Let G be the one-pointed graph K(1). Then 
H,(G)=A, H,(G)=O, n>O. 
Proof. Let G = DO = u. Then co = c(v and Z,(G) = A. Since B,(G) = 0, then H,(G) = A. 
Obviously, H,(G)=O, n>O (see Cl]). 0 
Theorem 4.4. lf the graph G is connected, then HI(G)= A. 
Proof. See the similar theorem for a simplicial complex in [l]. q 
Theorem 4.5. Let u and G be a vertex and a graph. Then the homology groups of the 
graph v * G are 
H,(v* G)=O, n>O, (1) 
H,(u* G)=A, n = 0. (2) 
Fig. 1. 
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Proof. Let G be the labeled graph with the vertices (ur , u2, . . . , u,). 
(1) Obviously, u * G is connected. Therefore [l], H,,(u * G) = A. 
(2) Let ck be the k-chain of u * G, k > 0. This chain can be represented in the form 
where ak and a& 1 are k and (k - 1)-chains of G (Fig. 1). It follows from the equation 
~ck=aak-ak_~+v*aa~_~=o 
that 
&k-ak_r=O, aak_i=o. 
Therefore, the k-cycle goes to the following form: 
It is clear that 
Zk=ac k+ 1 =a+ * ak). 
Hence any k-cycle is homologous to zero, and the k-homology group is equal to zero 
&(v* G)=O, k>O. 0 
Corollary 4.6. For any complete graph its n-homology groups are equal to zero for n >O, 
and the O-homology group is isomorphic to the group of coeficients. 
H,(o”, A)=O, n>O, 
Ho(o”, A)=A. 
Theorem 4.7. Let G be a contractible graph. Then the homology groups of G are 
H,(G)=O, n>O, 
H,(G)=A, 
where A is an abelian group of coejicients. Contractible gluing of a vertex does not 
change the homology groups of G. 
Proof. (i) For all graphs with a small number of vertices the theorem is checked 
directly. 
(ii) With respect to Theorem 4.1 any contractible graph is connected. Then 
H,(G)= A. 
(iii) Let G and G1 be contractible, G1 sG, n> 1 (Fig. 1). 
Glue the vertex v to the graph G, O(u) = Gr. We obtain the graph U, U = G + v. &ny 
n-chain of U can be written in the following form 
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where a,, and b,_ 1 are chains of G and Gi. If c, is the n-cycle z,, then az,=O, 
aZ,=aa,-b,_,+v*db,_,. 
Hence 
da,,--b,_, =O, ab”_ 1 =o. 
The graph G1 is contractible and H,(Gi)=O, therefore, there exists b, such that 
b,_l =ab,. 
Z,=a,-vvab,, a(a,-b,)=O. 
Using the identity 
a(v*b,)=b,-v*ab,, 
we transform the equation to the following form 
where w, is the cycle of G, dw, =O. Since G is contractible, any cycle of G is 
homologous to zero, i.e. w, = aa,, 1. Hence 
z,,=a(a,+i +u* b,)-0. 
Therefore, H,(G) = 0. 
(iv) Now suppose that U=G+v and O(v)= G1 are contractible, 
H,(U)=H,(Gi)=O, n>O. 
Delete the vertex v. The graph U goes to the graph U-v= G. It is clear that any 
cycle w, of G is at the same time the cycle of U. Let w,= ac,,, 1. If c,+ 1, 
c,+,=a,+,+v*b,,isthechainofG+v,thenw,=aa,+l+b,-v*ab,.Sincew,isthe 
cycle of the graph G and does not contain v, then ab, = 0. Therefore, b, = ab,, + 1 and 
~,+~=~,~,+~~~b,~~,w,=da,~,+~b,~,.Ifwechoosethechaine,~,=a,~,+b,~~, 
then w,=&,,+,. Therefore, any w, cycle of G is at the same time the boundary of the 
graph G and H,(G)=O. 0 
Theorem 4.8. Contractible deleting of an edge does not change the homology groups of 
a contractible graph G. 
Proof. (i) Let G be contractible, and its two disconnected vertices v1 and v2 have the 
contractible joint rim O(v,v2) (Fig. 1). Gluing the edge (v1v2) we obtain the graph U, 
U = G +(u, v2). Any chain c,, n > 1, of U can be represented in the form 
c,=a,+v,*v2*b,_2, 
where a, is an n-chain of G, and b, _ 2 is an (n -2)-chain of O(vl v2). If c, is the n-cycle 
z,, then 
aZ,=aa,+v,*b,_,-v,*b,_,+v,*v,*ab,_,, 
ab,_2=0, aa,,+v2*b,_2-vl*b,_2=0. 
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Since O(ulvZ) is contractible, then H,(O(01u2))=0 and b,-2=%-i. Using the 
identity 
a(U1*u~*b,_~)=u~*b,-~-o~*b,-~+o~*u~*~b,-~, 
we transform the expression of z, into the following form 
Z,=W,+a(ui*u2*b,-l), 
where w, is the n-cycle of G. Since H,(G) =O, then w,-0 and z,-0. Therefore, 
H,(U)=O. 
(ii) Suppose now that U = G +(ul u2) and O(u, u2) are contractible. Obviously, any 
cycle w, of G is the cycle of U. Since any cycle of U is homologous to zero, then 
w,=&,+, where ~,+~=a,+,+u,*u~*b,_~, is the chain of U. Therefore 
W,=k., +u2*b,_l-ul*b,_l+ul*uz*ab,_l.Sinceinthiscasew,isthecycleof 
G and does not contain ui * u2, it implies that ab, _ 1 = 0. Hence b,_ 1 = ab, and 
C,+l=~“+l+~l*~**~~n, Wn=aan+l +uz*ab,-ul*ab”. 
If we choose the chain e,, 1 of G in the form 
then w,=&,+l. Since any cycle w, of G is at the same time the boundary of G, then 
H,(G)=O. 
(iii) Now let cl be the l-chain of U= G+(ul * u2). This can be represented by the 
following form cl = a, + ul * u2 where al is the l-chain of G. Suppose that cl is the 
l-cycle zl, 
aZ, =aal+C(U2-~U1=0, aal=ml --u2. 
Let the chain bl, bl =m2 * u3 +CLIJ~ * ul, be the one with a vertex u3 of Gl. Since 
dbl =&I, and wl =a1 -b, is the l-cycle of G, then z1 can be represented by the 
following form 
zl=wl+bl+ml*u2. 
Since bl + ml * u2 = a(ol(u, * u2 * Q)), then the cycle zl can be rewritten as follows. 
zl = wl + a(a(ul * u2 * ~1~)). (3) 
Since the graph G is contractible, the cycle wi is the boundary of the chain, wl =aa2. 
Hence z,=a(a2+ctul *u2*u3). Therefore, Hl(U)=O. 
(iv) Suppose that U = G + (ulu2) and Gl are contractible. It follows directly from (3) 
that any cycle wl of G is the cycle of U and, therefore, homologous to zero. 
Let wl = ac2, c2 =a2 + ul * u2 * b,,, where a2 and b,, are the chains of U and Gl. 
Hence 
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Since w1 is the l-cycle of G, ab,, =0 and bo=abl. Rewrite c2 and w1 in the following 
form 
c2=u2+ui *uz*abi, wl=aa2+u2*ab,-ul*ab,. 
If we choose the 2-chain e2 of G in the form 
e2=a2-u2*bl+ul*bl, 
then w1 = ae2. Therefore, H1 (G) = 0. The proof of the theorem is complete. 0 
Theorem 4.9. Contractible gluing or deleting of a vertex does not change the homology 
groups of a graph. 
Proof. Let G and G1 be a graph and its contractible subgraph. Glue the vertex u to 
G in such a manner that O(u) = Gi . We obtain the graph U = G + u (Fig. 1). It is clear 
that the contractible gluing of vertices does not change the number of connected 
components. Therefore, H,(G)=H,( U). 
(i) Any chain c,, n>O, of V can be represented by the form 
c,=a,+u*b,_l, 
where a, and b,_ 1 are chains in G and G1. If c, is the n-cycle z,. then 
aZ,=aa,+b,_,-u*ab,_,, aa,+b,_, =0, ab”_l =o. 
Since G1 is contractible and ab,_ i = 0, then b, _ 1 = db, and 
Z,=a,+u*ab,, a(a,+b,)=O. 
Using the identity 
a(u*b,)=b,-u*ab,, 
we transform the equation into the following form 
z,=w,-_(u*b,), 
where w, is the cycle of G, aw, = 0. 
Introduce the homomorphism 
f: Z,(L+Z,(G) 
by 
f(Zn)=f(Wn-a(U*b,))=w,. 
(4) 
It follows directly from (4) that any cycle of L.J goes to the cycle of G, and for any cycle 
of G there exists the inverse image of V. 
Any n-boundary of U goes to n-boundary of G, since 
.f(a(a”+, +~*b,))=f(aa,+,+a(u*b,))=aa.+~. 
The inverse image of any n-boundary of G is the n-boundary of U which can be 
produced in the following way. Let a,=&,+ 1 be the n-boundary of G. Then 
168 A. V. Ivashehenko 
c, = a,, + a(u * b,) is the n-boundary of U where b, is any n-chain of Gi . Therefore, f is 
an isomorphism, and H,(G) and H,(U) are isomorphic. 0 
Theorem 4.10. Contractible gluing or deleting of an edge does not change the homology 
groups of a graph. 
Proof. Let G be a graph and its two disconnected vertices u1 and u2 have the 
contractible joint rim 0(01u2). Gluing the edge (u1u2) we obtain the graph U, 
U= G+(v1u2). Obviously, HO(G)=HO(U). 
(i) Any chain c,, n> 1, of U can be represented by the form 
c,=a,+vl * u2 * bnm2, 
where a, is an n-chain of G, and b, _ 2 is an (n -2)-chain of O(ui u2). If c, is the n-cycle 
z,, then 
aZ,=aa,+u2*b,_2-bl*b,-2+vl*u2*abn-2, ab,_2=0, 
aa,+u2*b,_2-u1*b,-2=0. 
Since O(uluz) is contractible, then H,(O(u,u,))=O, and b,_2=db,_l. Using the 
identity 
a(ul*u2*b,_l)=u2*b,_l-ol*b,-~+u~*u2*ab,-~, 
we transform the expression of z, to the following form 
Z,=W,+a(ul*u2*b,-1), 
where w, is the n-cycle of G. 
Now we can introduce the homomorphism 
f: .G(W+ZdG) 
f(zn)=f(Wn+a(u1*U2*b,-1))=w,. 
Further, the proof repeats the previous one word for word. Therefore, f is an 
isomorphism, and H,(G) and H,(U) are isomorphic. 
(ii) Let cl, c1 =a1 +ctu, * u2 be a l-chain of U where a, is a l-chain of G. It follows 
from (1) that the l-cycle of U and the l-cycle of G can be represented by the equation 
z1 =wl +aa[ulv2u31. 
Introduce the homomorphism 
f:z,(U)+z,(G) 
by 
f(zl)=f(W1+aclculU2U3i)=W1. 
Repeating the arguments used above we show that H,(U) and H,(G) are 
isomorphic. El 
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Conclusion. If two graphs are homotopy equivalent then their homology groups are 
isomorphic. 
Theorem 4.11. Let G be a graph with two orientations, and let G1 and G2 denote the 
resulting oriented graphs. Then the homology groups H,(G,) and H,(G,) are isomorphic 
for each number n. 
Proof. See in [l] the similar theorem for a simplicial complex. q 
5. Homology groups of some graphs 
Let the additional group Z of integers be the group A of coefficients. 
Case 1: Contractible graphs. 
Fig. 2 shows some contractible graphs. It is easy to check directly that for all of 
them 
H,=Z, H,=O, n>O. 
Case 2: Circle. 
Fig. 3 shows the graphs, modeling the circle. For all these graphs 
H,,=HI=Z, H,=O, n#O, 1. 
Fig. 2. 
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Fig. 3. Fig. 4. 
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Case 3: The two-dimensional sphere. 
Graphs drawn on Fig. 4 are counterparts of the two-dimensional sphere. Their 
homology groups are 
H,,=H*=Z, H,=O n#O, 2. 
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